The development and implementation of sum-over-states density-functional-perturbation theory ͑SOS-DFPT͒ ͓V.G. Malkin, O.L. Malkina, M.E. Casida, and D.R. Salahub, J. Am. Chem. Soc. 116, 5898 ͑1994͔͒ has allowed a significant improvement in the accuracy of nuclear magnetic resonance ͑NMR͒ chemical shift values over the Hartree-Fock approximation. Furthermore, due to its computational efficiency, SOS-DFPT has opened the way to the study of systems of increased size compared to those that may be approached by more sophisticated but also computationally more intensive methods, such as Møller-Plesset perturbation theory or coupled-cluster theory. The success of SOS-DFPT relies on the introduction of an ad hoc correction to the excitation energy that improves the calculation of the paramagnetic component of the NMR shielding tensor. The lack of a clear physical basis for this approximation has left the SOS-DFPT open to some criticism. We have shown in a previous article ͓E. Fadda, M.E. Casida, and D.R. Salahub, Int. J. Quantum Chem. 91, 67 ͑2003͔͒ that the electric field and magnetic field responses are given by equivalent expressions within the Tamm-Dancoff approximation of time-dependent density-functional theory ͑TD-DFT͒. This provides an SOS-DFPT expression which, upon restriction to diagonal contributions, yields a new rigorous ''Loc.3'' approximation. In this article, we more than double our original test set of 10 molecules for 13 C, 15 N, and 17 O chemical shifts to a set of 25 molecules. In addition, we compare the results of ''Loc.3'' SOS-DFPT with the results of promising recent functionals for DFT calculations of chemical shifts. The results show not only that the ''Loc.3'' approximation represents the rigorous physical connection between SOS-DFPT and TD-DFT, but also that it has very good potential for the prediction of NMR shielding constants, opening the way to further developments in DFT-based NMR parameter calculations.
I. INTRODUCTION
In many applications density-functional theory ͑DFT͒ now represents the best compromise between computational accuracy and cost. The opportunity to include correlation in the self-consistent-field ͑SCF͒ calculations at a significantly smaller fraction of the computational time of highly correlated methods, such as Møller-Plesset ͑MP2͒ or coupledcluster ͑CC͒ theory, has allowed the development of DFT approximations to study various electronic properties and their widespread implementation in many software packages. In the case of the nuclear magnetic resonance ͑NMR͒ shielding tensor, numerous applications of DFT have been reported. 1, 2 One of the most successful approaches is the sum-over-states density-functional-perturbation theory ͑SOS-DFPT͒ of Malkin et al. 3 The most important innovation brought by this approach is the introduction of a correction to the excitation energy that greatly improves the evaluation of the paramagnetic component and ultimately of the whole NMR shielding tensor. These corrections are of two types: namely, local approximation 1, or ''Loc.1,'' and local approximation 2, or ''Loc.2.'' Both account for the change in exchange-correlation energy connected with the electronic transition from the ground state orbital ''k'' to the excited state orbital ''a.'' 1, 3 Even though the introduction of these corrections dramatically improves the results, regardless of the exchange-correlation functional used, 4 SOS-DFPT has been criticized for lacking a clear theoretical justification. the molecular implementation of time-dependent densityfunctional response theory ͑TD-DFRT͒, 9 is very similar to that used in SOS-DFPT, in so far as only exchange and exchange-correlation integrals appear. In a previous article 10 we have shown that the SOS expression for electric perturbations, within the Tamm-Dancoff approximation ͑TDA͒, 11 can also be used for magnetic perturbations. In this way we were able to derive a rigorous excitation energy expression that is analogous to the local approximation expressions in SOS-DFPT, but includes a new energy correction term, which we named ''Loc.3.' ' The aim of this article is to present further testing of the ''Loc.3'' versus the ''Loc.1,'' ''Loc.2,'' and ''UKS'' approximations. Furthermore, we will also gauge the performance of ''Loc.3'' in the prediction of NMR isotropic shielding constants against four promising recent functionals for DFT calculations: the multiplicative Kohn-Sham ͑MKS͒ method from Wilson and Tozer, 12 the B3LYP GGA 0,05 from Wilson, Amos, and Handy, 13,14 the PBE0 [15] [16] [17] used in the calculations of Adamo and Barone 18 and the self-interaction-corrected Vosko-Wilk-Nusair ͑SIC-VWN͒ functional from Patchkovskii, Autschbach, and Ziegler. 6 All the tests have been conducted on a set of 25 small organic and inorganic molecules, for which we calculated the 13 C, 15 N, and 17 O isotropic and anisotropic NMR shieldings.
The results not only show that ''Loc.3'' represents the true physical connection between SOS-DFPT and TDDFT, but also that it has very good potential for the prediction of NMR shieldings.
II. THEORETICAL BACKGROUND
In this section we will briefly review the theory we presented in detail in Ref. 10 .
A computationally convenient expression for the NMR shielding tensor can be derived from double perturbation theory: 19, 20 
Here ⌿ 0 and ⌿ I represent, respectively, the ground state and excited singlet state wave functions and E I ϪE 0 is the corresponding excitation energy, M K indicates the magnetic moment of the nucleus K, and B is the magnetic field. Still in Eq. ͑2.1͒, the expectation value of the unperturbed state represents the diamagnetic contribution d , where
͑2.2͒
while, the SOS term accounts for the paramagnetic contribution p to the shielding tensor, where
represents the coupling between the magnetic field B and the orbital motion, and
represents the coupling between the nuclear magnetic moment M K and the orbital motion. The evaluation of the paramagnetic term through the SOS expression is not straightforward, as it requires knowledge of excited state's wave functions and energies. In SOS-DFPT, 1,3 the ground state wave function is approximated by a Slater determinant constructed from the occupied Kohn-Sham ͑KS͒ orbitals and the excited state wave function, corresponding to the electronic transition from the occupied orbital ''k'' to the virtual orbital ''a,'' is obtained substituting in the ground state Slater determinant the molecular orbital ͑MO͒ ''k'' with the MO ''a.'' The excitation energy can be, sometimes successfully, approximated just by the energy difference between the MO's involved in the transition ͓uncoupled Kohn-Sham ͑UKS͔͒. The success of SOS-DFPT is related to the introduction of two types of ad hoc corrections to the UKS excitation energy: namely, local approximation 1 ͑''Loc.1''͒ and local approximation 2 ͑''Loc.2''͒, which are shown in Table I . The theoretical justification behind this approach can be found through time-dependent density-functional theory ͑TD-DFT͒, which allows us to derive an exact expression for p , analogous to the SOS term in Eq. ͑2.1͒. 10 The paramagnetic component of the shielding tensor can be calculated from the response of the charge density to a time-dependent magnetic perturbation: hence, the excitation energies , according to the SOS espression, are determined by the poles of p and are given by
where
͑2.6͒
and B ia, jb ϭK ia, jb .
͑2.7͒
Here ⑀ a and ⑀ i are Kohn-Sham orbital energies and K ia, jb is the coupling matrix describing the linear response of the self-consistent field to a change in the Kohn-Sham density matrix. Equation ͑2.5͒ is equivalent to the expression that gives the excitation energies in the case of real perturbations, as electric field perturbations, although only the electric form is formally justified. 10 However, the introduction of the TDA, 11 which consists of setting Bϭ0, restores 
the symmetry between magnetic and electric field perturbations. Therefore the excitation energies are given, in both cases, by
AFϭF,

͑2.8͒
supporting the conclusion, derived by Autschbach et al., 21, 22 that the same equation system is obtained for both optical rotation and magnetizabilities. Thus the paramagnetic component is given, in the static limit, by
which represents the theoretical justification for SOS-DFPT.
To obtain an expression for the excitation energy analogous to the ''Loc.1'' and ''Loc.2,'' we have to introduce the twolevel model ͑2LM͒, which is equivalent to taking only the diagonal of the singlet coupled part of the A matrix. Within the 2LM framework each excitation is approximated by promotions from an occupied orbital ''k'' to a virtual orbital ''a'' to form a singlet state. Accordingly, the excitation energies are given by 8, 9 Ϫ⌬E k→a ϭ⑀ k Ϫ⑀ a ϩ⌬E k→a
͑2.10͒
where ⌬E k→a xc represents the ''Loc.3'' correction. 10 In the following sections we will present the results of further tests on the ''Loc.3'' approximation against ''Loc.1'' and ''Loc.2'' and we will compare its performance to that of some recently proposed functionals for the DFT calculation of NMR parameters.
III. COMPUTATIONAL DETAILS
All calculations have been performed within the DEMON suite of programs. The SCF calculations were performed with the version 3.5 of DEMON-KS ͑Ref. 23͒ and the timedependent calculations with version 3.1 of DEMON-DYNARHO. The NMR shielding tensors have been calculated with the version 1.2 of DEMON-NMR, 1, 3 in which the gaugeorigin problem is solved by using the individual gauge for localized orbitals ͑IGLO͒ method developed by Kützelnigg et al. 24 In all calculations and for all atoms, we used the IGLO-III orbital basis set taken from the DEMON basis set library.
DEMON-KS and DEMON-DYNARHO make use of numerical grids and sets of auxiliary basis functions to evaluate exchange-correlation integrals and to eliminate four center integrals. The same grids and auxiliary basis functions were used in running the two programs. For the grid, we used the EXTRAFINE option ͑194 points per radial shell͒ in combination with a 64 point radial grid. The auxiliary basis functions used-͑5,2;5,2͒ for all heavy atoms and ͑5,1;5,1͒ for hydrogen-were taken from the DEMON basis set library.
Contrary to the previous article, 10 we used only the local density approximation ͑LDA͒ exchange correlation functional, with the VWN parametrization, 25 and the asymptotically Corrected LDA ͑AC-LDA͒. 26, 27 In fact, the ''Loc.1,'' ''Loc.2,'' and ''Loc.3'' corrections are always calculated using the LDA: thus, the most consistent choice is to use the LDA v xc . 
IV. RESULTS AND DISCUSSION
In this section we will evaluate the isotropic and anisotropic shieldings obtained for 25 small organic and inorganic molecules, 10 of which were part of the calculations presented in our previous article. 10 We chose to present and analyze the results as absolute shielding abs , and not to convert them to the shift scale, in order to avoid numerical biases. Furthermore, we are not interested, for the moment, in comparing our results with experimental chemical shifts, but mainly in validating the ''Loc.3'' approximation as the physical basis for SOS-DFPT through comparison with SOS-DFPT itself, with more sophisticated ab initio methods and with experimental absolute shielding constants. Nevertheless, good agreement with experimental and high quality ab initio data on the absolute shielding scale generally suggests also a good agreement on the shift scale.
The high quality ab initio data, to which the isotropic shielding constants are referred to, are from the linearized coupled cluster doubles ͑LCCD͒ calculations from Cybulski and Bishop ͑Ref. 28͒, the second-order Møller-Plesset ͑MP2͒ perturbation theory calculation of Gauss ͑Ref. 29͒ and Stanton ͑Ref. 30͒. The reference for CH 2 NN was taken from a coupled-cluster singles and doubles augmented by a perturbative correction for connected triple excitations ͓CCSD͑T͔͒ calculation of Gauss and Stanton. 31 The geometry of all molecules is the same as the one used to determine the chemical shielding reference value.
We first compare the SOS-DFPT calculations obtained with the four different approximations, and then we test the importance of the corrected asymptotic behavior with the use of the AC-LDA functional. Subsequently, we will analyze the performance of ''Loc.3'' versus the performance of four recent and promising functionals: the MKS method, 12 the B3LYP GGA 0.05 , 13 the PBE0, 18 and the SIC-VWN. 6 The statistical analysis of the isotropic shieldings have been performed through the calculation of the mean absolute error (␦ ), the standard deviation ͑SD͒ and the maximum deviation ͑max͒. The distribution of all of the calculated NMR shieldings against the experimental reference for 13 C, 15 shieldings could not be performed, because the references available to us where too limited in number and from sources too diverse.
A. Performance of the ''Loc.3'' compared to the other SOS-DFPT approximations
The statistical analysis of the SOS-DFPT NMR isotropic shieldings for 13 C, 15 N, and 17 O calculated with the LDA v xc is reported in Table II. The results obtained for 13 C indicate that the addition of any of the ''Loc.'' corrections to the UKS approximation generally improves the accuracy, although all four approaches give comparable results for carbon atoms with only sigma bonds ͑see Table III͒ . In fact, these systems are characterized by higher excitations where the exchange-only corrections are too small to give a significant contribution. The ''Loc.1,'' ''Loc.2,'' and ''Loc.3'' approaches become more important when we are dealing with unsaturated molecules, which are characterized by low-lying valence-type excitations. Nevertheless, the prediction of the 13 C shielding constant for carbonyl carbons and for carbon-carbon multiple bonds remains troublesome for all of the approaches. In fact, almost all the maximum deviation values, reported in Table   TABLE V II, have been determined for carbonyl carbons: the only exception is represented by the case of the ''Loc.3'' and ''Loc.2'' results when compared to the experimental reference, where the maximum deviation corresponds to CF 4 .
For CO, while ''Loc.1'' and ''Loc.2'' predict a 13 C shielding constant that is very close to the ab initio and to the experimental value, ''Loc.3'' performs worse than all the other approximations. We believe this problem may be related with the breakdown of the two-level model ͑2LM͒ approximation in the TD-DFT calculation. This happens when symmetry considerations imply that more than two orbitals are needed to describe an excitation. In fact, for CO, a spatial multiplet (⌺ ϩ ϩ⌺ Ϫ ϩ⌬) is generated by the coupling between the x and y components of the orbitals.
In Table IV are reported the 13 C anisotropic shieldings ⌬ϭ 33 Ϫ1/2( 11 ϩ 22 ), calculated with the four different SOS-DFPT approaches. It can be noticed that the same conclusions derived for the 13 C isotropic shieldings are also suitable in the case of the 13 C anisotropic shieldings. An interesting detail to point out is that, for the carbon atoms involved in double bonds with nitrogen, i.e., for nitriles and isonitiles groups, the ''Loc.3'' approximation introduces a noticeable improvement of the results and this is true not only for the 13 C but also for the 15 N shielding constant ͑see Tables V and VI͒. Furthermore, from the statistical analysis, reported in Table II , it appears that, for the 15 N shielding, the ''Loc.3'' approximation does better than ''Loc.1,'' ''Loc.2,'' and UKS. The only difficult case is given by the terminal nitrogen in diazomethane, to which are associated the maximum deviations for both ''Loc.2'' and Table VI , the deviations from the reference values seem to be slightly larger than the ones determined for the corresponding 15 N isotropic shieldings. Nevertheless, the ''Loc.3'' still represents an improvement over the other SOS-DFPT approximations.
The statistical analysis, in Table II , indicates that a much larger error is associated with the calculation of 17 O shielding constant for all four approximations, compared to the case of 13 C and 15 N. Nevertheless, the ''Loc.3'' approximation appears to improve slightly the results compared to ''Loc.2'' and outperforms ''Loc.1'' and UKS. This is mainly related to the better performance of the ''Loc.3'' approximation in the prediction of the 17 
B. Role of the asymptotic behavior in the calculation of NMR shielding constants
The effect of the asymptotic behavior on the calculation of NMR shielding constants has been tested with the use of the AC-LDA functional. 26, 27 The statistical analysis and the results for all nuclei are presented in Tables IX, X, XI, and XII. The effect of the AC-LDA does not radically change the performance of the SOS-DFPT. The 13 C is the less sensitive nucleus to the asymptotic behavior correction: in fact, the mean absolute error and the standard deviation are increased only by a few ppm units. The 13 C shielding constant is worst Reference 12. only in the case of the carbonyl carbon of CH 3 CHO, which corresponds to the maximum deviation for all approximations. The 15 N is slightly more effected by the asymptotic correction: the mean absolute error is increased from 6.8 ppm, for ''Loc.3,'' up to 14.6 ppm, for UKS. The worst cases are given by CH 3 CN and N 2 , to which are associated the maximum deviations for all the approximations, even in the case of the ''Loc.3,'' which, as we remarked in the previous section, showed a great improvement in the prediction of 15 On the basis of these results, our conclusion is that the determination of the NMR shielding constant, independently of the nuclei, is only slightly influenced by the improved description of the higher and Rydberg excitations, in agreement with the observations in Refs. 4 and by OF 4 , for which the 17 O shielding is much improved by the AC-LDA.
C. Performance of the ''Loc.3'' approximation compared to other DFT-based methods
The results obtained with the ''Loc.3'' approximation are here compared to four of the most recent and promising functionals for NMR shielding calculations. These are the MKS method, 12 for which we chose the results obtained using the B97-1 functional 34, 35 to determine the reference density, the B3LYP GGA 0,05 functional, 13, 14 where the 0.05 represents the value of the ''exact-exchange'' coefficient C X , the PBE0, [15] [16] [17] and the SIC-VWN functionals. 6 Before proceeding with the analysis of the results, it is important to point out that, since the MKS͑B97-1͒, B3LYP GGA 0,05 , PBE0, and SIC-VWN NMR shieldings have been taken from the original referenced articles, all the calculations have been performed with different, although all sufficiently large, basis sets. Pertaining to the molecular geometries, all of the NMR calculations were performed on systems with a structure determined by high level theoretical calculation: 6, 13, 28, 29, 36 therefore, differences of NMR shieldings derived from differences in the molecular geometries are expected to be rather small.
The statistical analysis of the results is shown in Table  XIII, while the   13 C, 15 N, and 17 O NMR shielding constants are reported in Tables XIV, XV , and XVI, respectively.
The results obtained for 13 C with ''Loc.3'' are fairly good, considering that have been obtained with the LDA functional, although, as we remarked in the previous sections, the ''Loc.3'' approximation is still of limited accuracy for multiple bonded carbons. From Table XIV , we can observe that this problem is partly solved by the use of more advanced functionals, for which the only difficult case seems to be represented by HCHO.
For the 15 N nucleus, the picture is quite different. The ''Loc.3'' approximation offers the same level of accuracy than all the other methods and its performance is very close to the one given by the SIC-VWN, except for the 15 N shielding of the external nitrogen atom of N 2 O, for which the SIC-VWN presents a quite larger deviation ͑see Fig. 3͒ . The problems in the evaluation of the 17 O shielding of carbonyl groups are not solved by the use of a more advanced functional: in fact, HCHO represents the maximum deviation for MKS͑B97-1͒ and B3LYP GGA 0.05 when compared to the ab initio reference, for PBE0 when compared to the experimental reference, and the second largest deviation for SIC-VWN when compared with both ab initio and experimental references.
V. CONCLUSIONS
The aim of this work was not only to assess the role of the ''Loc.3'' approximation as the physical basis of SOS-DFPT, but also to establish its capability in the NMR shielding constants calculation compared to the most recent and promising functionals for NMR shielding constant calculations ͓MKS͑B97-1͒, B3LYP GGA 0,05 , PBE0, and SIC-VWN͔. In order to accomplish this objective, we chose 25 small organic and inorganic molecules to test the ''Loc.3'' approximation, first against the ''traditional'' SOS-DFPT approximations ͑UKS, ''Loc.1,'' and ''Loc.2''͒ and then against MKS͑B97-1͒, B3LYP GGA 0,05 , PBE0, and SIC-VWN. The results of the first testing show that the ''Loc.3'' approximation always performs better than UKS and that in case of 13 C it performs as well as the ''Loc.1'' and ''Loc.2'' approximations. For 15 N the ''Loc.3'' is superior to all the other SOS-DFPT corrections, and for 17 O it is better than ''Loc.1'' and very close to ''Loc.2.'' This behavior shows, together with the formal similarity between the equations ͑see Table I͒ , that ''Loc.3'' provides a physical basis for SOS-DFPT. We think that the problems encountered with ''Loc.3'' in the prediction of 13 C and of 17 O shielding constants in carbonyl groups are partly related to a breakdown of two-level model ͑2LM͒ approximation in the TD-DFT calculation.
The role of the asymptotic behavior in the NMR shield- 17 O are greatly affected by problems with the carbonyl groups, which do not seem to be completely solved by the use of the more advanced functionals considered in this work. Therefore, we think that the accuracy of the SOS-DEPT calculations can be greatly improved not only by the use of a more sophisticated functional, but also by the elimination of the 2LM from the ''Loc.3'' approximation. The latter will allow a correct description of the spatial multiplets, but it would also greatly reduce the computational efficiency, which is one of the most significant advantages of SOS-DFPT.
